Abstract. We present some partial results regarding subadditivity of maximal shifts in finite graded free resolutions.
Let K be field, S = K[x 1 , . . . , x n ] the polynomial ring over K in the indeterminates x 1 , . . . , x n and I ⊂ S a graded ideal. Let (F, ∂) be a graded free S-resolution of R = S/I. Each free module F a in the resolution is of the form F a = j S(−j) b aj . We set t a (F) = max{j : b aj = 0}.
In the case that F is the graded minimal free resolution of I we write t a (I) instead of t a (F). We say F satisfies the subadditivity condition, if t a+b (F) ≤ t a (F) + t b (F).
Remark 1.
The Taylor complex and the Scarf complex satisfy the subadditivity condition. Indeed, both complexes are cellular resolutions supported on a simplicial complex. From this fact the assertion follows immediately.
The minimal resolution of a graded algebra S/I does not always satisfy the subadditivity condition as pointed out in [1] . Additional assumptions on the ideal I are required. Somewhat weaker inequalities can be shown in certain ranges of a and b, and in particular the inequality t a+1 (I) ≤ t a (I) + t 1 (I) if R = S/I is Koszul and a ≤ height I, see [1, Theorem 4.1] . Another case of interest for which the subadditivity condition holds is when dim S/I ≤ 1 and a + b = n as shown in [3 
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Corollary 3. Let I ⊂ S be a graded ideal of projective dimension p. Then t p (I) ≤ t p−1 (I) + t 1 (I).
For monomial ideals one even has Corollary 4. Let I be a monomial ideal. Then t a (I) ≤ t a−1 (I) + t 1 (I) for all a ≥ 1.
For the proof of this and the following results we will use the restriction lemma as given in [5, Lemma 4.4]: let I be a monomial ideal with multigraded (minimal) free resolution F and let α ∈ N n . Then the restricted complex F ≤α which is the subcomplex of F for which (F ≤α ) i is spanned by those basis elements of F i whose multidegree is componentwise less than or equal to α, is a (minimal) multigraded free resolution of the monomial ideal I ≤α which is generated by all monomials x b ∈ I with b ≤ α, componentwise.
Proof of Corollary 4. Let F the minimal multigraded free S-resolution of S/I, and let f ∈ F a be a homogeneous element of multidegree α ∈ N n whose total degree is t a (I). We apply the restriction lemma and consider the restricted complex F ≤α . Let f 1 , . . . , f r be a homogenous basis of (F ≤α ) a with f r = f . Since there is no basis element of (F ≤α ) a+1 of a multidegree which is coefficient bigger than α, and since the resolution F ≤α is minimal, it follows that ∂((
Sf i . Thus we may apply Proposition 2 and deduce that t a (I ≤α ) ≤ t a−1 (I ≤α ) + t 1 (I ≤α ). Since t a (I) = t a (I ≤α ), t a−1 (I ≤α ) ≤ t a−1 (I) and t 1 (I ≤α ) ≤ t 1 (I), the assertion follows.
The preceding corollary generalizes [2, Corollary 1.9] of Fernández-Ramos and Philippe Gimenez, who showed that t a ≤ t a−1 + 2 for any monomial ideal generated in degree 2.
Let I ⊂ S be a monomial ideal, and α, β ∈ N n be two integer vectors. We say that (α, β) is a covering pair for I, if
Theorem 5. Let (α, β) be a covering pair for the monomial ideal I, and suppose that p = proj dim S/I ≤α and q = proj dim S/I ≤β . Then proj dim S/I ≤ p + q, and for all integers a ≤ proj dim S/I we have
Proof. We consider the complex G = F ≤α * F ≤β defined in [4] . Then G is a multigraded free resolution of I ≤α + I ≤β of length p + q, and hence a multigraded free resolution of I. In particular, it follows that proj dim S/I ≤ p + q.
By construction,
where each direct summand (F ≤α ) i * (F ≤β ) j is a free multigraded S-module. If f 1 , . . . , f s is a multihomogeneous basis of (F ≤α ) i and g 1 , . . . , g r a multihomogeneous basis of (F ≤β ) j , then the symbols f k * g l with k = 1, . . . , s and l = 1, . . . , r establish a multihomogeneous basis of (F ≤α ) i * (F ≤β ) j , and if σ k is the multidegree of f k and τ l is the multidegree of g l , then σ k ∨τ l is the multidegree of f k * g l , where for two integer vectors γ, δ ∈ N n we denote by γ ∨ δ the integer vector which is obtained from γ and δ by taking componentwise the maximum. It follows that the element of maximal (total) degree in (F ≤α ) i * (F ≤β ) j has degree less than or equal to t i (F ≤α ) + t j (F ≤β ). Consequently we obtain t a (I) = t a (F) ≤ t a (G) ≤ max{t i (F ≤α ) + t j (F ≤β ) : i + j = a , i ≤ p , j ≤ q} ≤ max{t i (I) + t j (I) : i + j = a , i ≤ p , j ≤ q}.
The following example illustrates that Theorem 5 leads to inequalities which are not implied by Corollary 3.
